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We study the pseudoscalar, vector and axial current correlation functions in SU(2)-NJL model
with scalar and vector couplings. The correlation functions are evaluated in leading order in number
of colors N
c
. As it is expected in the pseudoscalar channel pions appear as Goldstone bosons, and
after xing the cuto to reproduce the physical pion decay constant, we obtain well-known current-
algebra results. For the vector and axial channels we use essentially that at spacelike momenta
the correlation functions can be related to the experimentally known spectral density via dispersion
relations. We show that the latter imposes strong bounds on the strength of the vector coupling
in the model. We nd that the commonly used on-shell treatment of the vector and axial mesons
(identied as poles at large timelike momenta) fails to reproduce the behavior of the corresponding
correlation functions at small spacelike momenta extracted from the physical spectral density. The
parameters of the NJL model xed by the correlation functions at small spacelike momenta dier




The correlation functions of dierent colorless hadronic currents built of quarks and gluons oer a general tool
to study the structure of the QCD vacuum and the hadron spectrum [1]. One can obtain information about the
physical intermediate states from the pole structure of the correlation functions in the timelike region as well as from
its behavior at spacelike momenta. For an exact theory both ways should lead to identical results. This, however, is
not necessarily true for the eective models, which in the present lack of non-perturbative solution to QCD attract an
increasing interest. Among them, the Nambu { Jona-Lasinio model, proposed [2] in early sixties in analogy with the
BCS theory of superconductivity, plays an essential role. This model incorporates the basic symmetries of QCD and
in particular, the chiral symmetry. It is able to manifest the spontaneous chiral symmetry breaking and, as a natural
consequence, the appearance of the pseudoscalar mesons as Goldstone particles. As such it oers a simple but quite
successful working scheme to study the role of the dynamical chiral symmetry breaking mechanism in hadron physics
(for review see refs. [4{7]). However, the model suers from two important drawbacks. First, it is not renormalizable
and to make the theory nite one needs a nite cut o xed in a consisitent way (usually to reproduce the pion
decay constant) and the limit of large N
c
(number of colors). The typical value of the cut o is about 1 GeV. The
second problem is the lack of connement. Obviously, these drawbacks make the so far used on-shell treatment of the
(axial) vector mesons questionable [8{10,12,13]. In the present work we will show that the proper way to overcome
this problem is to consider the corresponding current correlation function at small spacelike momenta. In this case
we do not face the problem of the strong coupling to the qq continuum and we apply the model at small momentum
region where it is designed for. To this end we make essentially use of the fact that the correlator at small spacelike
momenta can be related via dispersion relations to well-established rich phenomenology without detailed knowledge
of the dynamics at large timelike momenta. We will show that such a scheme allows to describe the vector modes in
the meson sector of the NJL model in a consistent way.



























































stands for both up and down quarks (assumed to be degenerated in mass).
Applying the well-known bosonization procedure [14] we arrive at the model generating functional expressed as a

























































































































In the large N
c
limit the integral in eq.(2) is given by its saddle point value. For the translational invariant case











= 0 ; (5)
which means that the chiral symmetry is spontaneously broken. The quarks acquire a constituent mass M which is
related to the scalar coupling constant G
s


















		 > : (6)
Here <

		 > is the chiral quark condensate. As it was mentioned the model is not renormalizable and in order





, the current mass m
0
and the cut o . Usually they are xed reproducing the physical
pion decay constant and the physical masses of pion and rho meson. It leaves one parameter free which is commonly
chosen to be the constituent mass M because with eq.(6) one can eliminate G
s
in favor of M . In principle, one can
use the empirical value for the quark condensate <

		 > to constrain M . However, being quadratically divergent
<

		 > is very sensitive to the details of the regularization scheme.






and . To this end we



































in the NJL model. The correlation functions are dened by the vacuum-to-vacuum matrix elements of the currents















(0)gj 0i ; (10)
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(0)gj 0i ; (12)




. In contrast to the vector current in the real world the axial-vector current






vanishes in the chiral limit m
0
! 0. In the NJL model
2
the matrix element of rhs of eqs.(10-12) can be expressed
as a path integral using the model generating functional (2). In the leading order in N
c
only two diagrams (shown
in g. 1) contribute to the matrix elements. The rst one is a simple one-quark loop whereas the second includes a













































































mentioned, the model is not renormalizable and in order to make the quark loop nite we need a regularization. In
our calculations we use the proper-time as well as the Pauli-Villars regularization scheme. Both schemes preserve the































































) in the case of Pauli-Villars
regularization can be found in ref. [15].


















where the pion decay constant f
2












The non-zero current mass m
0
















































Using dierent techniques the invariant functions are evaluated also in ref. [13]
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The correlation functions (20),(22) possess (at some model parameter values) poles in the timelike region Q
2
< 0
which is in fact the pole of the propagator of the auxiliary (axial) vector eld. This is used in the so-called on-shell
treatment [8{13] where one xes the vector coupling constant G
v
adjusting the position of the pole to the physical
rho mass. The other model parameters, namely the cuto  and the current mass m
0
are xed reproducing the
physical pion mass and the physical pion decay constant from eqs. (18),(19), whereas the constituent quark mass is
treated as a free parameter as usual. To illustrate the on-shell scheme we present in g.2 the corresponding parameter
values (index \pole") as a function of M for the case of the the Pauli-Villars regularization. Since the results with the
proper-time regularization are almost identical with those of the proper-time ones we do not discuss them separately.
As can be seen the behavior of the coupling constants and the cuto as function of the constituent mass is not smooth
{ the value M = m
exp

=2 is a singular point where all curves show a kink. At M > m
exp

=2 the vector current





which is an indication for a bound state in the spectrum. However,
because of lack of connement a second peak in the qq continuum appears, which is not taken into account in the
denition of the physical  eld. Obviously, it is hard to relate the second peak to the excited (1450)-resonance.
At smaller values of M < m
exp

=2 in the vector channel a broad resonance appears in the qq continuum because the
corresponding pole moves to the complex plane of Q
2







xing the position of the peak in the vector spectral function Im
v
at
the physical  mass. However, as can be seen from g.2 it is not always possible to nd a solution for G
v
: for M













). This changes for
smaller values of M where G
s
and  stay almost constant whereas G
v
decreases. In the axial channel for the values
of the constituent mass M considered (200 - 450 MeV) the A
1
meson appears as a very broad peak being centered
around 1 GeV in the qq continuum. In Fig.2 we also show the parameter values (index \grad") obtained by means of
a gradient or heat-kernel expansion of the eective action [16,17]. This procedure is frequently used to x the vector
coupling constant G
v
in NJL model and in fact it is an approximation to the on-shell description of vector modes.
As can be seen from Fig.2 this procedure provides a quite crude approximation to the on-shell values because of the
large masses of the vector mesons. From the above discussion one concludes that the on-shell treatment is not able
to provide a consistent description of the vector meson modes in NJL model.
As a next step we suggest to make use of the fact that at spacelike momenta Q
2
> 0 the vector and axial-vector
current correlation functions can be related to the experimentally known spectral density via dispersion relations. In
























where the physical spectral density Im
v
























Such a procedure was used in refs. [9,10]
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Eqs.(24) and (26) provide an independent way to x the vector coupling constant G
v
confronting the model with the





































as well as  and G
s
as a function ofM , obtained by adjusting (
2
-t) the lhs of eq. (28) to the rhs




), are shown (index
\corr") in g.2 a) and b). Apparently the correlation function at spacelike momenta and the on-shell treatment yield
rather dierent results. In contrast to the curves resulting from the on-shell scheme those of the correlation function
have the advantage to behave smoothly as a function of M . This, and the very fact that the NJL model is designed
for low-energy structures involving small momenta, makes the above correlation method preferable. With increasing
M larger values for G
v
are needed to t the phenomenological side whereas the G
s
is slightly decreasing.
In the axial channel, since the longitudinal part of the axial correlation function is almost independent on the G
v
and M , we will concentrate our further discussion on its transverse part 
t
a









































) we take a simplied (A
1
















































-correlation function (22) and the phenomenological expressions (29), (30) one has another
way to x the vector coupling constant G
v





) as a function ofM is shown
in g.2 a) in comparison with the results from tting the  phenomenology as well as from the on-shell  treatment and





) depends much stronger
on the constituent mass and because of that the model is able to t simultaneously both - and A
1
-channels only
within a narrow window of values for the constituent quark mass M around 240 MeV. It is interesting to note that
in this window the on-shell values are also very close to those obtained from the correlation functions. The particular
value of M depends on the parameter values (27),(31) used for the (resonance + continuum) parameterizations. In
fact the estimate of the constituent mass M  300 MeV in the random instanton model [21,22] of QCD vacuum,
applied successfully also to the meson correlation functions [23], is not far from our numbers. The resulting vector
coupling constant G
v
is of the same order as the scalar one G
s
. In this point we disagree with ref. [20] in which
constraining the NJL model via QCD sum rules it is concluded that G
v





It is due to the fact that in contrast to us in ref. [20] the NJL model is treated in a quite simplied approximate way
ignoring the full Q
2
-dependence of the correlation functions as well as the relations between the model parameters
xed to reproduce the physical pion properties.
In our calculations so far we used simple parameterizations (26),(30) for the experimental spectral densities in
which the resonance widths are neglected. In order to check this approximation we repeated the calculations using
a much more elaborated (nite-width resonance+continuum) parameterization [24] of the experimental data. The
obtained results follow qualitatively the picture of g. 2. The only dierence is that the narrow window, where in
5
both vector and axial channels the experimental low-energy behavior of the correlation functions can be reproduced
simultaneously, is shifted to higher values of the constituent mass M  260 MeV.
We also related the model with G
v
, xed in the present scheme, to the chiral eective lagrangean of Gasser and








in the notation of
ref. [26] and low-energy pionic characteristics. As can be seen from Table I our theoretical predictions are in good
agreement with the empirical values.
To summarize, in this letter we study the vector meson modes in the NJL model in terms of current correlation
functions. We nd that the on-shell treatment of the vector meson fails to reproduce the low-energy behavior of
the correlation functions xed by the experimentally known spectral density via dispersion relations. We oer a
dierent scheme to x the NJL-model parameters based on the behavior of the correlation functions at small spacelike
momenta. Treating the vector coupling constant as a free parameter the model is able to reproduce the phenomenology
in both the axial- and vector channels for the constituent mass only in a narrow window around 240 MeV. The vector
coupling constant is by no means zero and is of the same order as the scalar coupling constant. In principle, these
two schemes, the on-shell treatment (large timelike momenta) and the one based on the behavior of the correlation
function at small spacelike momenta, should provide identical results within an \exact" theory, which however is not
the case for an eective model like NJL. In the latter case the correlation function method appears to be preferable.
One also should keep in mind that the present considerations are done in leading order in N
c
. The inclusion of 1=N
c
quantum boson (loop) corrections could in principle change the present results.
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FIG. 1. Diagrams contributing to the correlation functions in leading N
c
order.
FIG. 2. The parameters of the model as function of the constituent mass M : a) vector coupling constant G
v
xed in
the on-shell treatment G
pole
v
, from derivative expansion G
grad
v
, and from the correlation functions in the case of - and
a
1
-phenomenology ts; b) the same as a) but for the scalar coupling constant G
s
and the cut o .
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TABLE I. Low-energy SU(2) coecients and low-energy pion properties for constituent mass M = 235 MeV.
SU(2) coecients model phenom.  properties model exp.




  < qq >
1=3
[MeV] 310 265 40 b
0
0
0.19 0:25  0:03
m
0
[MeV] 3.5 7 3 a
2
0




 4:17  4:56 1:5 b
2
0




3.02 2:3 0:7 a
1
1








































] 0.37 0:44  0:03
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